In this note we use Langlands functoriality to prove certain results on the number of solutions of congruences, complementing results in [F1-3]. We would like to thank the referee for pointing out a mistake.
Number of solutions of congruences. Let f (x) =
. . , a d ∈ Z be an irreducible polynomial. Let N f (n) be the number of solutions of f (x) ≡ 0 (mod n). It is an important problem to study N f (n). Let L be the splitting field of f with the Galois group G. Let E = Q [α] , where α is a root of f . Then [E : Q] = d. Let Gal(L/E) = H. Let S(L/Q) = {p : N f (p) = d}. Then it is known that S(L/Q) determines L completely. It is a goal of the class field theory to determine the set S(L/Q). Except for finitely many primes, p ∈ S(L/Q) if and only if p splits completely in L: this comes from the fact that p splits completely in L if and only if p splits completely in E. It is clear that if p splits completely in L, then p splits completely in E. Conversely, let P, p be primes in L, E, respectively, such that P | p, p | p. Then p splits completely in L if and only if L P = Q p . We fix an embedding Q p ֒→ Q p . Suppose p splits completely in E. Then for any
By the well-known theorem of Dedekind (e.g. [N, Theorem 4.33] ), except for finitely many primes (in fact, if p does not divide the discriminant of f (x),
where ̺ 1 , . . . , ̺ k are non-trivial irreducible representations of G. By Frobenius reciprocity, we see that if ̺ i is a 1-dimensional character, then n i = 1.
(See [FH] , for example.) We include the case H = {1}. In particular, if G is abelian, then Q[α]/Q is Galois, and hence E = L, and H = {1}. The Artin conjecture asserts that ζ E (s)/ζ(s) is entire. Langlands functoriality (the strong Artin conjecture) predicts that there exists an automorphic representation π = π p of GL d−1 (A) which corresponds to ̺. If ̺ is irreducible, then π is cuspidal [R2] . More precisely, let π i be a cuspidal representation corresponding to ̺ i . Then π is the isobaric sum
In particular, the Langlands-Tunnell theorem says that if ̺ is a 2-dimensional representation with solvable image, then the strong Artin conjecture is true. 
We prove that if σ = Ind
We can see this in two ways. First, by the property of the Artin
is the trace of the permutation matrix given by g i H → gg i H. It is the number of the left cosets such that g
Since π is an automorphic representation of L(s, π) has an analytic continuation to all of C, and satisfies an appropriate functional equation. Hence we have Proposition 1 ( [FI] ). Let a n be as above. Then
Hence the series ∞ n=1 a n /n s converges for Re(s)
Distribution of values of r
If f (x) = ax 2 + bx + c, then (see [F2] for the details)
We use (see [F2] for the precise reference)
where the implied constant depends on t(n) and f (n).
Hence we need to compute
Here we have removed finitely many primes p where π p is not spherical, or p = 2. However, if p = 2, then r 2 (p)
If π is not cuspidal, and χ 4 occurs in the decomposition (1), then it occurs with multiplicity one, and hence L(s, π ⊗ χ 4 ) has a simple pole at s = 1. So 
otherwise.
Therefore, we obtain
Theorem 3. Suppose we have the strong Artin conjecture for L(s, ̺). Then
n≤x r 2 (f (n)) ≪ x log x if Q[ √ −1] ⊂ E, x otherwise. If f (x) = ax 2 + bx + c, b 2 − 4ac = −µ 2 , then E = Q[ √ −1
], and hence ζ E (s) = ζ(s)L(s, χ 4 ). So the estimate (2) is the best possible. If f (x) is the mth cyclotomic polynomial, and 4
We give five examples which satisfy the condition in Theorem 3.
Example 1. Suppose f (x) = x 3 + ax 2 + bx + c, and its Galois group is S 3 with the discriminant D. Then ̺ : S 3 → GL 2 (C) is the irreducible 2-dimensional representation. Hence ̺ gives rise to a cuspidal representation π
In particular, if ̺ is odd, i.e., D < 0, it comes from a holomorphic cusp form F of weight 1 and level |D|. Then F (z) = ∞ n=1 a n q n , q = e 2πiz . In this case, S(L/Q) = p : a p = 2, D p = 1 and n≤x r 2 (f (n)) ≪ x. Example 2. Let f (x) = x 4 + ax 3 + bx 2 + cx + d, and assume its Galois group is S 4 with discriminant D. Here ̺ : S 4 → GL 3 (C) is one of the two irreducible 3-dimensional representations. There exists a Galois extension
, where σ is the 2-dimensional representation σ : GL 2 (F 3 ) → GL 2 (C) (see [Ki2] for the details). Since GL 2 (F 3 ) is solvable, by the Langlands-Tunnell theorem, σ gives rise to a cuspidal representation π (if D < 0, it is odd and it comes from a holomorphic cusp form of weight 1).
Then ̺ gives rise to the Gelbart-Jacquet lift Sym 2 (π) and 
where σ is one of the 2-dimensional representations σ : SL 2 (F 5 ) → GL 2 (C), and τ is the automorphism √ 5 → − √ 5 (see [Ki1] for the details). Suppose σ is odd, and it gives rise to a cuspidal representation π which is attached to a holomorphic cusp form of weight 1, F (z) = ∞ n=1 b n q n . Then ̺ gives rise to the functorial product π ⊠ π τ (see [R1] ), and [T] proved infinitely many cases of modularity of odd icosahedral Galois representations. In particular, the following quintic polynomials give rise to holomorphic cusp forms of weight 1:
2 + 5x + 6,
In this 
The sum
Let f be as in Section 1. We assume that L(s, π × Ad(π ′ )) is holomorphic at s = 1, where π corresponds to ̺. In particular, it is the case if π ′ is attached to a holomorphic cusp form of weight k ≥ 2. Note that L(s, π × Ad(π ′ )) has a pole at s = 1 if and only if π ≃ Ad(π ′ ). So it is very rare. We have the convexity bound for ζ E (s) at Re(s) = 1/2 + ε (see [CN] ): Remark. Note that the above error estimate holds even when G is abelian, or G = S 3 , improving the result in [F1] . We have the convexity bounds for Dirichlet L-functions, namely, |L(1/2+ε+it, χ)| ≪ (1+|t|) 1/6+ε . So if G is abelian, |ζ E (1/2 + ε + it)| ≪ (1 + |t|) d/6+ε . Then the error bound is improved to O(x (d+3)/(d+6)+ε ).
